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Applications of the Extreme Value Theorem

Example 1
Suppose two positive numbers sum to 10. What is the largest their product can be?

We can make a chart to try and guess the answer.

First # ‘ Second # ‘ Product

1 9 9
2 8 16
3 7 21
4 6 24
4.5 5.5 24.75
) 5 25

Of course there’s no need to continue the chart since we’ll just get the same numbers again,
though in the opposite order. Also, the numbers don’t always have to be integers.

Making a chart is not a rigorous mathematical justification. We’ll use what we learned about
optimization to show that the largest the product can be is in fact, 25.

Notice that we are not given a function in this problem. This is what makes optimization
problems tricky. You have to work out what the function is before you start using calculus.

We'll use the notation f(x), so we need to decide just what “z” represents — just like ¢
represented time when we looked at displacement and velocity graphs. Since we’re looking
for the product of two numbers, we can represent the first number by .

We might be tempted to say, “Well, let y represent the second number. That way, we can
represent the product by f(x) = x-y.” The only problem with this is that now we have two
variables — but optimizing with two variables is much more difficult, and doesn’t come until
Calculus III.

But we're given a bit more information. We know that the sum of the two numbers has to
be 10, which we can write as
x4+ vy = 10.

Now we can solve this for y, which gives up y = 10 — x. Plugging back in, we can rewrite
our function as

f(z) = 2(10 — x).
Now we have our function. The important observation is that we are asked for the largest

product, which means we need a global mazimum. We just learned a way to find global
extrema for continuous functions — and f(z) is a polynomial, so it is continuous.
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Another tricky part, though, is the Extreme Value Theorem can be used only when the
function is defined on a closed interval. So not only do we need to determine a function, we
need a reasonable interval to define the function on.

Since the numbers have to be positive, it makes sense to start at 0. What is the upper limit?
Well, since the positive numbers have to sum to 10, there is no way one of the numbers can
be larger than 10. So a closed interval which makes sense is [0, 10].

What we’ve done is “translated” the original word problem into an optimization problem:
Find the global extrema of the function f(z) = (10 — x) on the closed interval [0, 10]. Let’s
proceed to apply the three steps to finding these extrema. Keep in mind that we are not
asked for a minimum value, so we really only have to look for a global maximum in this
example.

1. First, find out where f’(xz) = 0. Note that it is simpler to multiply out f(z) instead of
trying to use the Product Rule right away.

f(@) = 2(10 - 2)

=10z — 22
ff(x)=10—22=0
r=2>5

2. Next, evaluate f(x) at these points as well as the endpoints.
f(5) =25, f(0)=0, [f(10)=0.

3. By looking at the values just obtained, we see that there is a global maximum at the
point (5,25), and so 25 is largest possible product.

This seems like a lot of work for just one problem, but it is important to understand why we
need to take each step. Once we’'ve done it once, we can summarize the process and use it
to investigate more examples.
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Optimization Strategy

To solve an optimization word problem:
1. Determine what the variable x represents, and write it down.

2. Use this to find a function f(z) to optimize. Sometimes it will look
like you need two variables (like in the previous example), but you
will always be able to break it down to just one variable.

3. Find a closed interval which makes sense for the problem.

4. Find the global extrema (whichever you are asked for) using the Ex-
treme Value Theorem.

The main challenge here is that there is no one-size-fits-all method to complete steps (1),
(2), and (3). It will be different for each problem. Once we're at step (4), we can use what
we learned about the Extreme Value Theorem. This is often the easiest part. So we’ll look
at some more examples to see how to set up various types of word problems.

Example 2

Suppose you are given a positive number. First, take the square root. Then add 3. Finally,
subtract the given number. What is the largest number you can obtain as a result?

Let’s look at an example to see what is being asked. If we start with 4, we get v/4 = 2. Then
we add 3, giving 2 + 3 = 5. Finally, subtract 4 (the original number) to get 5 — 4 = 1.

It turns out we can do a bit better than that. We’ll find out how much better by using
optimization.

So let’s go through the steps one by one.

1. It makes sense to let x represent the positive number you are given.

2. What are we asked to optimize? First we take a number and take the square root, \/x.
Then add 3 : v/ + 3. Finally subtract the given number, z, giving \/x + 3 — z. So

flz)=Vz+3—u

Note that in this case, there is no need to introduce a second variable.
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3. Since x represents a positive number, it makes sense to start at 0. Note that as x gets

larger, it becomes greater than 1/z, and is subtracted from y/x. So f(x) will eventually
become negative. When? We know that f(4) = 1, which is still positive. But

f9) =vV9+3-9=-3,

54 so it looks like we can stop at x = 9, giving the closed interval [0, 9].
55 4. So now we have the optimization problem of finding the global maximum of f(x) on
56 the closed interval [0,9]. We have a three-step process to do this.

(a) When is f'(x) =07

f@) = VE+3—a
f’@):ﬁq:o
1
W
2z =1
-

_1

=1

(b) Now evaluate f(x) at this value and the endpoints.

1 1 1 1 1 13
f@: JH3-g=3t3-g=0 f0)=3 [O)=-3

13 113
57 (c¢) The largest of these values is - 5 there is a global maximum at (Z’ Z) . Note
58 that it would be very difficult to guess this value just by making a chart, so we
59 really do need to use calculus here.
19 October 2022 4
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o0 Example 3

s1 Now we’ll move on to some examples from geometry. Suppose you want to fence in a
&2 rectangular area next to a wall, as shown in Figure 1. If you have 60 m of fencing, what is
&3 the largest area you can enclose?

Figure 1: A fenced-in area next to a wall.

64 1. Let x represent the length of one of the sides of the rectangle, and y the length of the

65 other side, as labelled in Figure 1. It is important to note that you could have labeled
66 the horizontal side of the rectangle x and the vertical sides y, and you would still get
67 the same answer. The algebra would be different — but you’d still get the same answer.
68 It is often possible to make more than one model for the same word problem.

2. Since we are asked to maximize the area, it makes sense to let f(x) = z -y, which is
the formula for the area of a rectangle. This gives us two variables again — but since
we know we have 60 m of fencing, we know that

r+vy+x=060.
From this, we get y = 60 — 2z, so

f(z) = (60 — 2z) = 602 — 22°.

69 Again, it’s easier to multiply out so we can use the Power Rule instead of the Product
70 Rule.

7 3. What closed interval should we choose? Since we have 60 m of fence total, no side can
72 be less that 0 m or greater than 60 m, so [0,60] would be one choice. But if you see
73 that two of the sides of the rectangle have length x, then z cannot be greater than 30
74 m. So you can also use [0, 30]. It’s usually easier to work with smaller numbers, so let’s
75 use [0, 30].

76 4. Now we've translated the word problem into the following optimization problem: Find
7 the global maximum of the function f(z) = 60z — 2% on the closed interval [0, 30]. So
78 we now follow the three steps for solving an optimization problem.
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(a) Observe that f'(x) always exists, since f(z) is a polynomial. We need to find
where f'(z) = 0.

f(z) = 60z — 227
f'(x) =60 —4x =0
4r = 60
r =15

(b) Now evaluate at this point and the endpoints.
F(0) =0, f(15) =450, f(30) = 0.

79 (c¢) The largest value is 450, so there is a global maximum at (15,450), and thus the
80 largest possible area is 450 m?.
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Example 4

Suppose you are given a right isosceles triangle whose legs are 2 units long. Inscribe a
rectangle in the triangle as shown in Figure 2. What is the largest the area of such a
rectangle can be?

«— L —> «— L —>

Figure 2: Optimizing the area of a rectangle inscribed in a triangle.

. Let x represent the width of the rectangle, as shown in Figure 2.

. Since we are looking to maximize the area of the rectangle, we need a function to

represent length x width. We called x the width — so what is the height? Look at
the shaded right isosceles triangle on the right of Figure 2. Since the horizontal leg
has length x, then the vertical leg has length z as well. So to get the height of the
rectangle, we just substract x from 2 to get 2 — x. Thus, the area of the rectangle is
fx)=2(2—1x)=2x— 2%

. Looking at how the rectangle is inscribed in the triangle, we see that an appropriate

closed interval for x is [0, 2].

. Now we have the following optimization problem: find the global maximum of f(x) =

2z — % on the closed interval [0, 2].

(a) First, note that f’(z) exists everywhere since f(x) is a polynomial. Now we need
to see where f'(x) = 0.

f(z) =2z — 2*
fl(z)y=2-2x=0
20 =2
r=1

(b) Now evaluate f(x) at this point and the endpoints.
f0)=0, f()=1, [f(2)=0.

(c) Note that 1 is the largest among these values, so there is a global maximum at
(1,1). Thus, the largest possible area is 1 unit?, in which case the rectangle is
actually a square.
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Example 5

Now let’s look at an example in three dimensions. Suppose you want to make a cylindrical
steel can which will hold 2507 ¢cm? (which is a little more than 26 ounces). How can you do
this using the least amount of steel?

We’ll need a few formulas from geometry. If a cylinder has a radius of r and a height h, then
its volume is V' = mr2h and its surface area is S = 27r? + 27rh. Remember, the units of V
are cm® and the units of S are cm?.

Because we are minimizing how much steel we are using, we want to minimize the surface
area formula, S = 27r? + 27rh. This equation has two variables, so we need some way to
eliminate one of them. But we are also given that the volume is 2507 cm?®, which means

mr2h = 2507
r?h = 250

So have a choice here: solve for r, or solve for h. Which one should we pick? You can see
that if we try to solve for r, we’ll need to take a square root — and equations involving square
roots are usually more difficult to work with. So let’s solve for h. It is worth pointing out
that if you solve for r, you will still be able to get the correct answer, but it will take a little
more work.

r?h = 250
250
h - 7

Now we substitute this back into the surface area formula. This will give us a formula where
r is the only variable.

S = 2mr? + 27rh
2
S(r) = 2mr* 4 277 - g
S(r) = 2mr® + 200m

= 27r% 4 5007

Now that we have an equation to optimize, we need to find a suitable closed interval. Of
course the radius has to be positive, so we might be tempted to use 0 as the left endpoint.
But S(0) is undefined, since there would be a 0 in the denominator. So we’ll choose a small
value of r as the left endpoint, say 0.1.

We can “guesstimate” by observing that if » was pretty big — say 20 cm, then h would be
less than 1 cm, and we’d have a very short can with a very large top and bottom (r = 20
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cm would be a can with top and bottom over a foot in diameter). So 20 is a safe guess
for the right endpoint. Therefore, we've translated our word problem into the following
optimization problem: find the global minimum of S(r) = 27r? + 5007r~! over the closed
interval [0.1, 20].

Now all that’s left is to apply the Extreme Value Theorem.

1. First, determine where S’(r) = 0.

S(r) = 2nr? + 5007mr !
S'(r) = 2w - 2r + 500w (—1)r

500
—dr — 2 =0
T
4rr = 50(2)7T
T
A7r® = 5007
r® =125
r=29

2. Next, evaluate S(r) at this point and the endpoints.

S(0.1) ~ 15708, S(5) ~ 471.24, S(20) = 2591.8.

3. Looking at the smallest value, we see that we use the least amount of steel when the
radius is 5 cm, and that we use about 471.24 cm? of steel.

19 October 2022 9 Matsko



119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

Homework:

1. The product of two positive numbers is 16. What is the smallest possible value for
their sum?

2. Suppose you start with a positive number. Square it, and then multiply by 2. Then
subtract the square root of the given number. What is the smallest result you can
obtain by doing this? Note: the answer is a simple fraction.

3. Suppose you have 40 m of fencing and you want to enclose a rectangular region in a
corner, as shown in Figure 3. What is the largest area you can enclose?

Figure 3: A fenced-in area in a corner.

4. Suppose you want to inscribe a rectangle in a right triangle, as shown in Figure 4.
What is the largest area of such a rectangle? Hint: you will need to look at ratios of
corresponding sides of similar triangles for this problem.

4

Figure 4: Optimizing the area of a rectangle inscribed in a triangle.

5. Suppose you want to make a cylindrical steel can with an open top which will hold
10007 cm?®. How can you do this using the least amount of steel? Note: you will have
to slightly modify the surface area formula by subtracting the area of the top of the
can.
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13« Solutions

135 Problem 1

136 1. Let x be one of the positive numbers, and let y be the other one.

2. Since we are minimizing the sum, let f(z) = x +y. We are given that zy = 16, and so

16
y = —, so that
x

16
137 3. Since x must be positive but cannot be 0, we choose a small value like 0.1 for the left
138 endpoint. For the right endpoint, we “guesstimate.” Now 16-1 =16 and 164+ 1 = 17,
139 while 8 - 2 = 16 and 8 + 2 = 10. So it looks like the sums getting larger as we from
140 x = 8 to 16 and beyond. So we’ll choose the interval [0.1, 16].

16
11 4. Now optimize f(z) = x + — on the closed interval [0.1, 16].
T

(a) Then f(z) = x + 16271, so that f'(x) = 1 — 16272. Note that f’(z) is always
defined (remember, x cannot be 0 since it is not in the interval [0.1, 16]).

fi(x)=0
16
16
1: ;
z? =16
= —4,+4
T =4 — 4 is not in the domain

(b) Now evaluate at this point and the endpoints.
£(0.1) =160.1, f(4)=8, f(16) = 17.

142 (¢) The smallest of these values is 8, so 8 is the minimum possible sum.
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Problem 2

1. Let x represent the positive number.
2. f(z) =222 - r =222 22

3. f(0) is defined, so we take 0 to be the left endpoint. Let’s try a few more values that
are easy to calculate:

f(4)=2-16—-2=30, f(9)=2-81—-3=159.
We'll only get bigger after x = 9, so we’ll choose our closed interval to be [0, 9].

4. Now optimize f(z) = 222 — 2'/2 on the closed interval [0,9]. Note that

1 1
f,(l') =4 — §I_1/2 = 4r — m

(a) f'(x) is undefined at x = 0, but this is an endpoint, so it’s already taken care of.
Now solve f'(x) = 0.

fl(z) =0
1
4o — —— =0
v 2\/x
1
4r =

1
232 = <
2/3
- (2
1
T = -
4

3 1
(¢) We conclude that ~3 is the smallest value for f(z), obtained at x = 1
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Problem 3

. Let x represent the length of one of the sides of the rectangle, and y the length of the

other side.

. Since we are asked to maximize the area, it makes sense to let f(z) = x -y. This gives

us two variables again — but since we know we have 40 m of fencing, we know that
x +y = 40.
From this, we get y = 40 — x, so

f(z) = 2(40 — x) = 40z — 2*,

. Since we have 40 m of fence total, no side can be less that 0 m or greater than 40 m,

so [0,40] would be a good choice.

. Now we’ve translated the word problem into the following optimization problem: Find

the global maximum of the function f(z) = 40z — 2% on the closed interval [0, 40].

(a) Observe that f'(x) always exists, since f(z) is a polynomial. We need to find
where f'(z) = 0.

f(z) = 40z — 2°
f(z) =40 — 22 =0
2z =40
x =20

(b) Now evaluate at this point and the endpoints.
F(0) =0, f(20) =400, f(40) = 0.

(c¢) The largest value is 400, so there is a global maximum at (20, 400), and thus the
largest possible area is 400 m?.
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Problem 4

1. Let x be the width of the rectangle, as shown in Figure 5.

|

x/2

2 l )

4

Figure 5: Optimizing the area of a rectangle inscribed in a triangle.

2. In the original triangle, the longer leg is twice the shorter leg, and so in the similar

gray shaded triangle, the shorter leg must have length x/2. This means the height of
the rectangle is 2 — g We are maximizing the area, so we let f(x) be the width times

the height, or

132

f(a:):x(2—g):2a:—5.

. Looking at how the rectangle is inscribed in the triangle, we see that an appropriate

closed interval for x is [0, 4].

. Now we have the following optimization problem: find the global maximum of f(z) =

2
2r — % on the closed interval [0, 4].

(a) First, note that f’(z) exists everywhere since f(x) is a polynomial. Now we need
to see where f'(x) = 0.

(c) Note that 2 is the largest among these values, so there is a global maximum at
(2,2). Thus, the largest possible area is 2 unit?.
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Problem 5

Example 5

1. Let r be the radius of the cylinder and h the height.

2. We are optimizing the surface area of a cylinder without a top. Since the top is a circle

2 our surface area this time is

of area 7r
S = 2nr? + 2nrh — wr? = wr? + 27rh.

We are given a volume of 10007 cm?, and so

mr2h = 10007
r2h = 1000
1
- 0(2)0
T

Now we substitute this back into the surface area formula. This will give us a formula
where 7 is the only variable.

S = mr? + 27rh
1000

72

S(r) = nr* + 27r -

2000
S(r) =mr? + T

T
= 712 4+ 20007r "

. Since the function is not defined at » = 0, we choose a left endpoint to be 0.1, as in

Example 5. Since the problem is so similar to Example 5, we choose r = 20 as the
right endpoint.

. We've translated our word problem into the following optimization problem: find the

global minimum of S(r) = mr? + 20007~ over the closed interval [0.1, 20].
Now all that’s left is to apply the Extreme Value Theorem.

(a) First, determine where S’(r) = 0.

S(r) = 7r? + 20007 !
S'(r) =7 - 2r + 20007 (—1)r >

2
= 2nr — 00207r =0
T
2
—_— 00207r
T
273 = 20007
r3 = 1000
r=10
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(b) Next, evaluate S(r) at this point and the endpoints.
S(0.1) ~ 62832, S(10) ~ 942.48, S(20) ~ 1570.8.

(c) Looking at the smallest value, we see that we use the least amount of steel when
the radius is 10 cm, and that we use about 942.48 cm? of steel.
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