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Tangents to Curves

Up to this point, we used calculus and derivatives to look at properties of graphs of functions.
But what about curves which are not graphs of functions? That is, curves that do not pass
the vertical line test?

A simple example is a circle, such as 2? + y?> = 9. There are two ways we can approach
this. First, we can solve for y and look at the top and bottom halves of the circle separately.

(1.8,2.4)
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Figure 1: Describing a circle using two functions.

Each half is the graph of a function, as shown in Figure 1. Let’s find an equation for the
tangent line at (1.8,2.4). We'll use the Chain Rule with h(z) = v/9 — 22, using f(z) = Vx

and g(x) =9 — 22, and so f'(z) = ﬁ and ¢'(r) = —2z.
h(z) = V9 — a?
W(xz) = f'(g(x))g'(x)

N

Plugging in = = 1.8, we get h/(1.8) = —0.75. To find an equation for the tangent line, we
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use the point-slope formula.

y — iy =m(x — 1)
y—2.4=—-0.75(z — 1.8)
y—24=—0.752+1.35

y = —0.75x 4 3.75
1 15

YT

What made this problem a lot of work was having to work with the square root. It turns

out there is an easier way using a method called implicit differentiation. If we start with

d
y = f(z) and take the derivative, we get d_y = f'(x). In other words, differentiate both sides:
x

= f(x)
d%y = % (z)
dy
dr (x)

Now if we don’t have the graph of a function, we cannot use f’(x). So when we perform

d
implicit differentiation, we use the notation d_y Let’s begin with our original equation and
x
differentiate both sides:

2y =9

d o d , d
d

20+ —y? =0
x+dxy

d
Two of the terms are easy, but what do we do with d—y2? Here, we need the Chain Rule.
x
dy

Let’s call p(z) = 9%, so f(z) = 2 and g(z) = y. Then f'(z) = 2z and ¢'(z) = I So
T
p(z) =y°
d
oy 4o
p(x) = oY
= f'(g())g'(x)
dy
o N Y
_ 9,
-
Let’s look at this for a moment:
i 2_9 @
dr? ~ Vir
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d
It looks like we differentiate y? where y is the variable, and then multiply by ey Looking

d
back at the Chain Rule, that’s ezactly what we did. So v
d . dy d , , 4y d 1dy
_— — _— _— — _— _— ]_ = —_——
dx sin(y) = cos(y) de’ de.  Cde odr Y ydr’

s and so on. Once we observe this pattern, we can skip the Chain Rule each time. But it’s
¢ important to see where the pattern comes from.

d d d
Going back, let’s substitute d—y2 = 2y—y back in and solve for d_y
x

dx T
d
2 + —y? =0
x—l—dxy
d
2x+2y—y:0
dx
dy
2y— = =2
ydx o
dy —2x
dr 2y
o
Yy

This is much simpler algebraically. Also notice that it is the same result, since because

¥y =+v9 — 22, then
x x

y _\/9—x2'

Also, the slope at (1.8,2.4) is easier to find:

T 1.8 B

183
y 24 4

7 So often, implicit differentiation can be much easier to use. Sometimes, it is impossible to
s solve for y, as we will see later, and then there is no other viable option.
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o Example 1

10 Consider the ellipse defined by 2% +xy +y* = 12, which you can see graphed at desmos.comn.
u  Give equations for the horizontal and vertical tangents to this curve.

Implicit differentiation is very helpful here, since otherwise, we would need to use the
quadratic formula to solve for y, which would make the algebra really messy. So let’s first

find @ We will use the fact that iyz = 2y@ from the last problem.
dz dx dz

d , d 9 d
— — —y° = —12
dxx + dxmy+ dwy dx
d dy
2 — 2y—= =
a:+d$:)sy+ yd:v

d
How do we handle d—xy? Here, we need the product rule. Since we’re using the notation
x

d
—y, let’s rewrite the Product Rule first. Suppose h(z) = f(z)g(z).

dx
W(x) = f(w)g (x) + g(x) f'(x)
i) = 1)L gw) + o) 0

d
Now put h(x) = zy, with f(z) = z and g(z) =y, so that f'(x) =1 and ¢'(z) = d_y Then
x

d d
Zhiz) = —
dx (z) dxxy
= f(5) L g(z) + 9lx) = ()
N da:g g dx
dy
.7 .1
o da:+y
dy
) ) dy
Now let’s substitute back in and solve for T
T
d dy
2x+%xy+2y% =0
dy dy
dy dy
< +2y—= = —(2
zo 2 (27 +y)
dy
2y)—= = —(2
(z + y)dx (27 +y)
dy 2z +y)
dr = +2y
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https://www.desmos.com/calculator/yes0sq4uuc

12

13

14

15

Let’s see how we use this to find horizontal and vertical tangents. For a horizontal tangent,

we need % = 0, and so the numerator of % must be 0. Then

x x
—(224y)=0
20 +y=20
y=—2x
What does this mean? In desmos, make sure that the ellipse and the equation y = —2x

are selected. You can see immediately that they intersect at the points where there are
horizontal tangents. So these points must satisfy the equations:

22+ ay +y° =12
y=—2x

So to find the points, we can substitute in and solve.

4 ay+y? =12
2?4+ x(—22) + (—27)? = 12
x? — 22% + 4a® = 12

322 =12
22 =4
r=—2,+2
And since y = —2x, the two points where there are horizontal tangents are (—2,4) and

(2,—4), as we can see from looking at the graph.

This looks like a lot of algebra — and it is. But the important point is that we’re not really
using any new formulas, just applying old formulas in a new situation.

What about the vertical tangents? A vertical tangent has undefined slope. This means the

denominator of Z—y must be 0.

x
r+2y=20
r= -2y
1
=——x
Y=
In desmos, make sure that the ellipse and the equation y = —5% are selected. You can

see right away that they intersect at the points where there are vertical tangents. So these
points must satisfy the equations:

4 ay+y? =12
r= -2y

4 November 2022 5 Matsko



Notice that we use the equation in the form x = —2y. This is because to graph, we solve

1
y=-—3% But to substitute, it’s easier not to have to worry about fractions.

2+ xy +y° =12
(—29)* + (=2y)y + v* = 12
4o — 2% 492 = 12

3y? =12
y* =4
Yy = _27 +2
16 Since x = —2y, the two points where there are vertical tangents are (4, —2) and (—4,2). We

17 can see this from looking at the graph.
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18 Example 2 Show that the curve described by the equation e* = x + y has a horizontal
o tangent at (0,1) and a vertical tangent (1,0).

-

[¥]

o A graph of this equation is in the desmos notebook. You can see the plausibility of horizontal
2 and vertical tangents at the points (0,1) and (1,0), respectively.

We begin by taking derivatives on both sides, as with the other example.

eV =z+4+y
dooy_d  d
dx  dx d:vy
d dy

Yy _ q il
dx + dx

d

Now we need to deal with the d—ezy term. First, we need to use Chain Rule. We use
x

h(z) = e, so that f(x) = e” and g(x) = zy. Then f'(x) = €”, and from the last example,

we have %g(:p) = Y= xj—i + 9. Then

d

2= f(g(x))g'(x)

e*? (x;l—szy) :1—1—%
xexy%—l—ye”y = 1—1—%
(mew—l)j—i =1—ye™
dy 1—ye™

2 This seems like a lot of work, but there is no way to solve this equation for y. So here,
23 implicit differentiation must be used.
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Now let’s see how we use this to answer the question of tangents. Let’s find d_y at the point
x

(0, 1).

dy 1—ye™
dr = e —1
_1—1-(30'1
=it
1-1
T0-1
=0.

This means that there is a horizontal tangent at (0,1). Let’s look at what happens at the
point (1,0).

dy 1—ye™

de  zew — 1
1—-0-e"
Cleel0 -1
~1-0
11
1
=5

2+ This slope is undefined, which means there is a vertical tangent at (1,0).
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Homework

NOTE: Please do not jump straight to the Solutions if you are stuck. Go back and study the
Examples, since each problem is similar to one of the Examples. You will have a problem

d
on the next Exam of the form “Show that &Y _ . This means if you don’t get the answer

x
right the first time, you’ll have to go back and recheck your computations. Practice doing
this with the Homework so you can do well on that question.

1. Consider the ellipse 422 + y? = 8. Graph this on desmos.

dy 4x
Show that — = ——.
(a) Show tha 7 y
(b) Find an equation of the tangent line at the point (—1,2). Check you answer by
graphing it on desmos as well.

2. Graph the hyperbola 222 — 2y — y* = 9 on desmos.

(a) Show that
dy 4z —y

dr  x+2y

(b) Use this to find where there are vertical tangents to the hyperbola. Verify this on
desmos.

3. Graph e = y on desmos. It looks like there is a horizontal tangent at the point (0,1).

(a) Verify that the point (0,1) is on the curve.
dy nyexgy

(c) Verify that there is a horizontal tangent at the point (0, 1).
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2 Solutions

d
1. (a) First, find d_y

x
41,2 +y2 —
d d d
4 g2 =
& T w T @
d
8z + 2y =0
dx
dy
— = -8
yd:z: ¢
@ =8z
dr 2y
_ A
Y
(b) At the point (—1,2),
dy Az
dr vy
A1)
2
= 2.

Using the point-slope equation of a line:

y—y1=m(r—x1)
y—2=2z—(-1))

y—2=22x+2
y=2x-+4
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pe 2. (a) First, find &y

dx’
2% —xy —y? =
d d d d
Loz 4L
dxx dxxy dxy dx
y dy
de —x—= —y—2y— =
x :cd Y ydm 0
dy dy
—x%—?y% —(4z —y)
dy
_ M) -2 = — (4o —
(z+2y) - = —(4x —y)
dy  —(4z—y)
de  —(z+2y)
_dr—y
T2y

d
(b) There are vertical tangents when the denominator of d_y is 0.

x
rz+2y=20
T =—2y
It is easier to solve for x here to avoid fractions. Substitute this back in and solve
for y.
20 —ay —y? =9
2(=2y)* = (~2y)y —y* =9
8y’ + 2y —y* =9
9y =9
Yy = _]-7 +1
44 We can find z since we know that x = —2y. So there are vertical tangents at the
45 points (2, —1) and (—2,1). This can be visually verified by looking at the graph.

4 November 2022 11 Matsko



3. (a) Substituting in:

eV =y
=1
=1
Y
b) Now find —=.
(b) Now fin o
e’y =y
d 2 d
ety
d ‘ dxy
ea:Qyi 2 :@
dx dx
d d
22y (2% o _ Y
e (:B d$+ :E) iz
d d
g2y + 2xyex2y _—
x dx
dy 2, dy
9 vy . I 2 x%y "I
xTye I xe T

(c) Substitute the point (0, 1) into j—y

x
dy 2xyex2y
dr 1 — 2%
2.0 12
1 — 0201
0
T1-0
46 Since the slope is 0, there is a horizontal tangent at (0, 1). Note: If we were not
a7 given a graph, we would have to look at the second derivative, but we will not be
48 doing that. For a problem like this, you would be given a graph.
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