Diana Xu’s Reflection 16 May 2011

ORIGINAL PROBLEM REFLECTION

Over the course of the semester, I have been writing original problems to correlate with
class topics. At first, the idea of writing original problems was a little daunting because I
had never written my own problems before. I had no idea where to begin or how to think of
problems. However, as time went on, I was able to maintain a firm grasp on the process of
problem writing.

Looking back on my first set of original problems, I realized my motivation was mainly
topics in the book. The problems were simple because I did not have a lot of background
knowledge of calculus at the beginning of the semester. A lot of the problems were skill
related, and not too difficult. However, looking at my second and third set of original
problems, I found my problems often sought to expand on knowledge, instead of just applying
it. As a result, I was able to write more difficult problems which helped me understand and
anticipate FunDay problems.

Furthermore, instead of focusing on one topic per question, I incorporated multiple topics
in my more recent problems. For example, in my skills problem on the second original prob-
lems assignment, I incorporated hyperbolic trigonometry with the definition of a derivative.
Combining topics together helps me understand them in a more efficient manner.

I became more confident and comfortable with my problem writing skills over the course
of the semester. Part of this was because I had practice throughout the semester. With lots
of practice, I was able to hone my skills as a problem writer. Using technology and thinking

of problems became easier. Another reason for my confidence was because we had many
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FunDays. On the FunDays, I was able to see which types of problems were conceptual, and
which types of problems were skill related. This allowed me to assess my own problems
easily, and write them consistently.

I believe problem writing is a valuable assignment because it allowed me to thoroughly
think through and understand concepts without having to do a vast number of book prob-
lems. Although it takes roughly the same amount of time, I was able to completely un-
derstand a topic because I had to write a detailed solution to each problem. When I do
book problems, I find the answer and move on to the next problem. However, when I write
original problems, I double-check my solution is correct and thoughtfully explained.

Furthermore, original problem assignments proved to be very valuable because I learned
how to use technology. For the first two assignments, I used Microsoft Word. I had not
known about the function option on Microsoft Word. As a result, it took a bit of time to
learn how to use Microsoft Word efficiently. Inserting all the symbols and equations was
tedious. On my third assignment, we learned how to use KTEX. It was slightly difficult to
grasp, but it was more efficient than Microsoft Word. It’s also simple to use for inputting
special mathematic equations and symbols. Using BTEXwill be useful in the future when I
want to write problems.

Writing original problems proved to be very valuable because it allowed me to connect
different concepts from the semester together. At the beginning of the semester, I was
taught different ideas without a firm understanding of why they were true. However, as time
went on, I was able to connect newly learned knowledge to the earlier topics and confirm

what I had previously learned. Original problems were also valuable because they helped
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me anticipate FunDay problems. I remember being worried about FunDays because of the
conceptual problems. However, after writing a couple conceptual problems, I found FunDays
to be easier. I was able to think clearly about concepts and thoroughly explain my solutions.

Overall, original problems proved to be very valuable to my understanding of calculus. I
was able to assess my weaknesses in calculus through the writing of original problems. The
original problems assignments also helped me become an efficient and thorough problem
writer. This assignment should be used in other math classes as well, such as the MIs,
because it helps prepare students for assessments and also helps them consider their own

weaknesses.
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Original Problem #1 — Chapter 1 - Skills

1. In section 1.4, the calculus book explains the speed limit law. Also, on the last FunDay
exam, a conceptual problem focused on the application of the speed limit law and what
could be said about the function’s value at a certain point. As a result, I decided to write a_
similar problem where students must use the speed limit law to estimate a function’s
value at a certain point. I also wanted to include some review of algebra when dealing
with inequalities.

2. Suppose that 7 < f'(x) < 13 for all x. Find the range of possible values for - f(3) if
f(—6) = 4. In complete sentences, explain how you arrived at your solution.

3. Since we know the range of values for f'(x), we can use the speed limit law to find out a
range of values for specific points on the f(x) graph. First, we must set up the inequality
tobe 7(3 — (=6)) < f(3) — f(—6) <13(3 + 6). The equation can be rewritten as
64 < f(3) — 4 < 117. Simplifying the equation results in 68 < f(3) < 121. Since the
problem is asking for a range of possible values for - f(3), the whole inequality must be
multiplied by —1. By doing this, we find the solution to be

-68> —f(3) > —121.

4. Tlearned I can take fairly simple concepts and develop them into more difficult skill
problems. I observed I like to try and find different ways to expand the application of
basic facts found in the book. In this case, instead of using a one sided inequality for the
speed limit law, I tried using a two sided inequality. It was easier for me to write the
solution to this problem, compared to the previous problem, because I had all the
knowledge needed to solve it. I also like to incorporate small algebra tricks to remind
myself of basic algebra rules.
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Original Problem #2 — Chapter 1 — Conceptual

k¢

Example 4 of section 1.6 states the derivative of sin (x) (x). I knew this to be a fact,
but it was vague as to why it was true. Also, on the last’FuinDay exam, there was a
conceptual problem that used trigonometric functions. As a result, I decided to write a
problem asking the student to apply what they knew about trigonometry and finding
derivatives.

Prove that the derivative of sin(x) is cos(x).

of sin(x) is cos(x). First, we must set up the difference quotient as

here we can apply the trigonometric theorem of the difference of two sines to the
2 cos((%)(x+h+x)) sin((%) (x+h—x))

numerator to get . This equation can be rewritten as

h

h\ . (h hy . (h
2 cos(x+z)sin(= cos|(x+=)sin| =
_(hz_)ﬁ’ which can be further rewritten as —L#z—)- The fraction can be split

2
. ry sin(3) sin(6) . . _sin()
up into cos (x + 5) - —2~. Since limg_, ke 1, I can substitute 1 in for —32~. From
2 2

here, I can simplify the previous fraction to cos (x + -’25) To find the limit as h goes to 0,

we substitute 0 in for h. Therefore, we find % sin(x) = cos (x).

I learned it is difficult to come up with original problems, especially when I do not have

an idea on how to solve them. This problem was difficult for me because I had to

sin(@)
6

problems I found myself wondering about. In this case, I was curious about the method of

proving the derivative of sin(x) is cos(x). At times, it can be difficult to solve my

problems because I do not have enough calculus knowledge. In this case, I did not know
sin(@)

research if limg_,q = 1 was true. As a problem writer, I noticed I like to write

limg_, = 1. Without this knowledge, I could not have solved the problem. I

noticed this problem was much more difficult to solve than the first problem. It took more
thought and knowledge to solve.
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1. On the last FunDay exam over chapters 2.1, 2.2, and 2.3, there was a problem asking us
to recognize and use the limit definition of the derivative to find the limit as x approached

Original Problem #3 — Chapter 2 — Skills

(x

/2 of g)_s—) However, I was unable to solve the problem correctly because I did not

/2
recognize it to be an application of the limit definition of the derivative. Therefore, I

decided to write a problem asking students to apply the limit definition of a derivative. To
add to the difficulty level, I decided to incorporate hyperbolic trigonometric functions in
the problem. Also, in section 2.1, problems 48-51 asked us to use the limit definition of a
derivative to evaluate the limits. I was confused about how to solve those problems, so I
figured it would be a good idea to write an original problem focusing on the limit

definition of a derivative.

2. Evaluate lim,,_,, SRS

To find this limit, we must use the limit definition of a derivative. The derivative of a
function at x = a, denoted by f’(a), is defined by the/éinit equation f'(a) =
2

lim,,_,, L(H—aiﬂ In this problem, it is determjne(;,a = 0. Therefore, the limit

cosh(x)-1

definition of a derivative states the limit of is equal to cosh’(a). We know the

derivative of cosh(a) is sinh (a). As a result, we can find the limit by substituting 0 for
cosh(x)—1 B

4. As we continue to progress through BC calculus, I find myself confused more often on
certain topics. I attempt to do all the book problems, but I still have uncertainties for a
couple of ideas. One of these is recognizing when to use the limit definition of a
derivative. After writing this problem, I realized how it is sometimes simple to recognize
when to apply to limit definition of a derivative. I noticed I like to combine earlier topics
with recent topics when I write my problems. For example, in this problem I combined
the limit definition of a derivative with hyperbolic trigonometric functions. This
motivates me to continue to review previous topics, while adding onto my knowledge at
the same time. I realized it is important to connect important ideas in calculus together to
test my knowledge of both ideas. Writing original problems is slowly becoming simpler
because I can find my weak points and write problems about them.

a. This can be rewritten as sinh (0), which is equal to 0. Therefore lim,_,,

ﬂuﬂ A a 24 J»”; )”V‘?’:’w lLb Mm/ar'ﬂ’{' fﬁ, f"f * /%M / mw{fé :/



Diana Xu - Matsko

Original Problem #4 — Chapter 2 — Conceptual

1. In the chapter 2 summary problems, I spent a great deal of time on problem #59 because I was
confused about how to approach the problem. It asked me to prove using calculus that all values
of the function were positive-forevery=x. I looked at all the relationships between a function, its
derivative, double derivative, and anti-derivative. I knew if a function was always positive, then
ierivative would always be increasing. However, I did not know how to progress using
this idea. Eventually, I decided to find the minimum value of the function to see if it was
negative. If the minimum value of the function was negative, the function was not positive for
every x. On the contrary, if the minimum value of the function was positive, the function must be
positive for every x. I decided to create an original problem in which this method of proof can be
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R N S ~ calculus. DO NOT graph the function to explain your answer.
AR
N W \5 3. The best point of representation for this problem is the maximum value of f (x). If the
x g&\ S maximum value of f(x) is negative, then the function is negative for every x. However, if the
¢ N «@;\\ maximum value of f(x) is positive, then the function is not negative for every x. Using calculus,
3 § : we can find the maximum value of this function by finding the zero of the derivative, and
'+ & _ » substituting it into f(x). The derivative of f(x) is f'(x) = —8x + 6. Setting the derivative
X : 3 § equal to 0 allows us to find what x value the maximum value occurs on for f(x). This can be
X
\\ written as 0 = —8x + 6. Solving for x results in x = 3 That means at the point x = 3 the
2
ction f(x) reaches its mafu// u’n/l:/_a@ Substltutlng for x results in f ( ) ( ) o+
— 1. Solving the eqdiiﬁon results in f ( ) = -, Since the maximum value of f(x) is
pos1t1ve, the function is not negative for every x.
4. When I am writing original problems, I find it easier to write it on paper before I type it on the
computer. It helps me organize my thinking and generally prevents any mistakes in my solution.
Shel & I will continue to do this throughout the semester. Once again, I realized I tend to write problems
3 based on my weaknesses in BC calculus. I figure if it is difficult for me to think through a type of
AdLb. . problem, then it could be difficult for other people as well. It was more difficult to write the

solution to this problem, compared to the previous problem. This is because it is harder for me to
pinpoint weaknesses in understanding concepts than to find my weaknesses in basic skills.

//l/’) 7 ?1’%’7'/ ﬂ%ﬁ//ﬁ%bé fwj J W 'z;';i.m/ ﬁfﬂ/&'«/.ﬂ{%y’lf /{;

e "”'#6““&"7 forotun - maght il & parabeta.
U i Ltzy Ao 2 [Red (1) - 1 and 50 F &1 2wl 4 bunys rugati



Original Problems 3 2 May 2011

T > / A 2. ' a4 A f, : : $
K(}’-',/'\ o j//’! A ir] W ﬂ\/ / S /r)? ”/lj;, 44 M’/ a9 Cont {{’/‘/”/&yﬁ—‘!‘ P ',‘_ 4 Aj,/'(’,}.
’;/\J /dg—“j/; W/lw M/ M/yu/ /}’M%,MLJ g emn rb‘/).brbl/b\j ,/

ANTI-DERIVATIVES AND INTEGRALS /{ e

PROBLEM 1

MOTIVATION: Earlier in the semester, we found displacement by using the area under &
velocity graph. However, since all the graphs consisted of linear functions, it was easy tc
determine the area underneath the function. To expand on this, we decided to create &
problem in which we needed to find displacement by finding the area under a non-linea
velocity graph. To do this, we utilized our knowledge of trigonometric and logarithmic
derivatives and anti-derivatives to find the displacement from a given velocity function. We
also looked on how to compute integrals to help solve our problem.

PROBLEM: An ant is making its way back to an ant hill. The ant hill is 5 meters away fromn
where he began his journey 3 seconds ago. If it is currently time 0, and his velocity in meter:
per second is expressed by the function

m 1 1) 1 9
cos («2@) +@:1i-_2’ Strnedus ! 10 Le £ .

how much further does he have to walk to reach the hill?

(A) (5” 5 2) L 1A eictete

s

(B) (5” + 2) = Infd) matére

m

(C) In(4) — ;ZT— meters

(D) % — In(4) meters

(E) In(4) — 1 meters

SoLuTION: The correct answer is (B). First, we must find the distance the ant has alread;
traveled in 3 seconds. We must first find the anti-derivative of our velocity function. Th

2 1
anti-derivative of cos (E) is [ — X sin (E> . The anti-derivative of

2 T 2 z+4
To find the distance the ant already traveled in 3 seconds, we must compute
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The bounds of the integral are substituted for z to find the area under the velocity function.

2sin 5
As a result, we find the integral to be In(4) - ————~

s
This value represents the distance the ant already traveled in 3 seconds. To find the remaining
distance the ant must travel, the value must be subtracted from 5 meters. As a result, we

2
i ) — In(4) meters.

. This can be rewritten as In(4) ——

find the ant must travel another (

DiscussioN: We know the correct answer is (B). If a student forgot to use the distributive
property when subtracting from 5 or if the student added while computing the integral, they
would choose (A). If a student forgot to subtract the integral from 5 meters, they would
choose (C). If a student flipped the bounds of the integral, they would choose (D). If a

student found the anti-derivative of cos (%) to be sin (123—6), they would choose (E).

REFLECTION: Originally, this problem had just been about finding the integral of a function.
However, we thought it would be too simple. Instead, we decided to make it a word problem
because students often get confused about word problems. Usually students miss important
steps in word problems because there are a lot of conditions in the problem. We thought
it was interesting to combine concepts we learned at the beginning of the semester with
anti-derivatives we recently learned. It also reminded us of the significance of the area under
a function. This was our first time creating multiple choice questions. It was not too difficult
thinking of choices because, as students, we know what kind of mistakes we make. This was
also our first time using KTEX. Using IATEXwas a little confusing because we often could
not find our mistakes in coding. However, it was nice to have built-in functions because we
did not have to worry too much about the different formatting of functions and variables.

PROBLEM 2

MoTIVATION: The motivation for this problem came from Paul Cladek. Previously, we were
thinking about doing an optimization problem. The problem was not conceptually hard,
just tedious. While all the information is given in the above problem, everything is not
explicitly said{%aul gave us the idea to create an anti-differentiation problem giving minimal
information. We both had weaknesses during the anti-derivative unit and the corresponding
FunDay, specifically with finding constants. Further, we thought it would be interesting to
write a word problem because students often get confused when trying to solve them.

PROBLEM: At the Matsko 500, two race cars are competing for first place. Dr. Matsko’s
godson, Risun, and his colleague, Dr. Prince, both start their last lap at the same time, bt
Risun is going 60 meters per second and Dr. Prince is going 80 meters per second. Ris s
acceleration is expressed by the function a(t) = 2 — 3t + 4, and Dr. Prince} acceleration is
expressed by the function a(t) = 2t — 10t + 10. The last lap is 300 meters long. Find which
driver will receive the first place trophy and give the displacement function.

2 Xudawatta
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1 1
A) Ri it — =3 4 212 t
(A) Risun, B 5 +2t* + 60

1 )
(B) Dr.Prince, 6t4 - gts + 5t + 80¢
N
(C) Dr.Prince, §t — 5t* + 10t + 80

1 3
(D) Risun, Zt3 — 5152 + 4t + 60

(EY Dr.Princg, =t% — 5t + 10t
w%?u;; vn watt worle

SoLuTION: Sadly, Dr. Matsko’s godson did not win the trophy. Dr. Prince won by less
than a second. Choice (B) is the correct answer. From the given acceleration functions, the
displacements functions needed to be found. If we anti-differentiate Dr. Prince’s acceleration,
we find the velocity, which is

2
/

2
v(t) = 5tf‘ — 5t + 10t + C.

The constant, C, can be found by substituting the initial data, 0 seconds in for ¢, and 80
meters per second for v(t). To solve this problem, you must define the beginning of the final
lap as zero seconds. The initial speed of Dr. Prince is given in the problem, which is 80
meters per second. Now that we found the velocity function, we must again anti-differentiate
to find the displacement function. The displacement function is

1 5
s(t) = ét‘* - 5tf’* + 5t* + 80t + C.

will pass the finish line first, you need to substitute 300 for s(t) and solve forfx./ You find

Again, this constant can be found by substituting in 0 for ¢ and s(t). To solve f@which car
that Dr. Prince passed the finish line first, and his displacement function is

1.8
s(t) = Et“ - §t3 + 5t + 80t.

DiscussioN: We know choice (B) is the correct answer. Choice (A) is incorrect because when
finding the time, Risun passed the finish line less than a second late. Solving for x shows
that Dr. Prince passed the finish line first. Choices (C) and (D) are incorrect because those
functions are the velocity functions, not the displacement functions. A student who chose
either choice (C) and (D) only anti-differentiated the accelerations once, finding the velocity
function. To find the correct answer, a student must anti-differentiate the acceleration
function twice to find the displacement function. A student would choose choice (E) if they

only found the velocity function, instead of finding the acceleration function.
/
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REFLECTION: We really enjoyed making this problem. This problem needed us to both
think about what the y and ¢ represented for each function. 5 bothﬂ sually get really

confused when we anti-differentiate, and this problem helped one/my jskills with anti-
differentiation. Because it was a multiple choice question, we e able ee what mistakes
we are prone to making. I, Risun, recently just understood when you anti-differentiate you
need to add a constant. This problem reemphasized the importance of this concept. Overall,
this problem was a lot of fun to make. Risun’s take on ETEX: I really enjoyed using KTEX. It
made inserting equations easier and more efficient. I hated using Microsoft Word for original
problems because it was extremely tedious to insert each symbol. Diana’s take on BTEX: It
was a little confusing, but after awhile, it was pretty simple to use. Most of the mistakes we
made were due to small errors in code that were easily fixable.
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